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ABSTRACT 
In the realm of diverse high-dimensional data, images play a significant role across various 
processes of manufacturing systems where efficient image anomaly detection has emerged as a 
core technology of utmost importance. However, when applied to textured defect images, con
ventional anomaly detection methods have limitations including non-negligible misidentification, 
low robustness, and excessive reliance on large-scale and structured datasets. This article proposes 
a texture basis integrated smooth decomposition (TBSD) approach, which is targeted at efficient 
anomaly detection in textured images with smooth backgrounds and sparse anomalies. 
Mathematical formulation of quasi-periodicity and its theoretical properties are investigated for 
image texture estimation. TBSD method consists of two principal processes: the first process learns 
the texture basis functions to effectively extract quasi-periodic texture patterns; the subsequent 
anomaly detection process utilizes that texture basis as prior knowledge to prevent texture 
misidentification and capture potential anomalies with high accuracy. The proposed method sur
passes benchmarks with less misidentification, smaller training dataset requirement, and superior 
anomaly detection performance on both simulation and real-world datasets.
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1. Introduction

Image data, due to its universality, consistency, and rich fea
ture information, has been widely used for storing and dis
seminating information. Image anomaly detection plays a 
critical role in modern manufacturing and service industries, 
especially with the growing application of lean production 
and smart factory by enterprises. As depicted in Figure 1, the 
applicability of image anomaly detection is vast, involving 
wood production, steel rolling of high-speed railways, aviation 
material production, and three-dimensional (3D) printing.

However, on account of accuracy and efficiency, which are 
highly valued by methods for image anomaly detection, existing 
methods, such as Robust Principal Component Analysis (RPCA) 
(Cand�es et al., 2011), Smooth-sparse Decomposition (SSD) (Yan 
et al., 2017), and Fast Fourier Transform (FFT) (Tsai & Huang, 
2003), are not fully capable of detecting anomalies with accept
able accuracy in scenarios with disturbance (overlight, shadow, 
and camera shake, for example), unqualified training dataset 
(lacking image anomaly labels or valid defect images) and espe
cially mixed texture patterns (indistinguishable from background 
or anomalies to a certain extent).

This article proposes an efficient data decomposition driven 
anomaly detection method, named as Texture Basis Integrated 
Smooth Decomposition (TBSD), targetedly designed for textured 
images, which consists of smooth background, quasi-periodic 
texture, and sparse anomalies. Those image textures are assumed 
to possess quasi-periodicity, a characteristic which assumes there 

are common patterns within global textures. It is derived from 
periodicity and would be comprehensively discussed in Section 
3. The proposed TBSD method learns these common texture 
patterns as texture basis so as to effectively distinguish anomalies 
from textures without much reliance on high-quality training 
dataset. As shown in Figure 2, the core optimization model and 
practical algorithms in Section 4 are supported by the rigorous 
mathematical framework in Section 3. Both simulation (Section 
5) and real-world experiments (Section 6) have sufficiently vali
dated the efficiency of the proposed approach.

The main novelty and contributions of this article can be 
summarized as follows:

1. This article presents a theoretical analysis of quasi- 
periodicity in textured images. The concept of quasi- 
periodicity is introduced to model how textures distrib
ute in images to serve as the foundation of texture basis 
function learning.

2. This article proposes an effective approach to prevent 
misidentifying normal textures as anomalies. The core 
idea is to learn a series of texture basis functions that 
capture common texture patterns based on a small 
amount of defect-free images. The learned texture basis 
is subsequently utilized for image anomaly detection to 
prevent misidentification with stably high detection 
accuracy.
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3. This article has improved data decomposition by intro
ducing prior knowledge to achieve better estimation of 
targeted components. Conventional data decomposition 
can result in mixed output with simultaneous existence of 
similar data components. To further distinguish image 
textures and anomalies, prior knowledge of textures is 
introduced into the data decomposition model to obtain 
a better texture estimator, which helps restrain the mod
el’s overestimation of unknown anomalies.

2. Literature review

2.1. Related methods for textured image anomaly 
detection

General anomaly detection methods could meet challenges 
for textured images due to their high dimensionality, large 

scale, and dataset imbalance. Diverse anomaly detection per
formance can be achieved according to model assumptions 
and algorithms chosen by alternative image detection meth
ods, which include statistical model based, domain trans
formation based, clustering based, image reconstruction 
based, and machine learning based methods, as depicted in 
Table 1.

Statistical Model–Based Methods: These supervised 
methods utilize non-parametric or parametric models to 
estimate the normal intensity distribution within defect 
images and then detect pixels out of the confidence interval 
as anomalies. For instance, the Parzen Windowing method 
(Desforges et al., 1998) is used by Veracini et al. (2011) to 
estimate the probability density function of the image back
ground. The hierarchical model (Gao et al., 2023) estimates 
the image background with the multivariate Gaussian model 
under a structural assumption of rapid mean changes and 

Figure 1. Real-world textured images in manufacturing: (a) Wood plate surface (Bergmann et al., 2021), (b) Rolling steel inspection (from OG Technology), (c) 
Surface nondestructive testing (from Boeing), (d) 3D printing.

Figure 2. Schematic diagram of relationships among core mathematical assumptions, optimization models, and technical algorithms of the proposed TBSD 
method.

2 J. SONG ET AL.



slow variance changes. Decomposition-based methods 
(Lahoti et al., 2021; Wang et al., 2022; Yue, 2019) and 
Bayesian optimization (AlBahar et al., 2022) have been 
investigated with parametric or nonparametric basis. 
Statistical model–based methods can be effective in low- 
dimensional datasets but possess limitations in detecting 
small anomalies, such as minor scratches or grind marks, in 
real-world industrial scenarios with unstable environment 
like frequent-changing lighting due to their solid model 
assumptions.

Domain Transformation–Based Methods: These methods 
transform image information from pixel domain to another 
space with less sensitivity to anomalies and noise to accomplish 
superior anomaly detection performance. An effective practice is 
to conduct a spatial-frequency domain transformation through 
various filters. In addition to conventional methods like Fourier 
transform (Tsai & Huang, 2003), Wiltschi et al. (2000) applied a 
multi-channel Gabor filter to extract texture features on steel 
surfaces; Mehmood and Nasrabadi (2010) used a two- 
dimensional (2D) wavelet transform to filter infrared sensor 
images so that effective anomaly detection can be obtained on 
the reconstructed sub-band cube. Multiscale Geometric Analysis 
(MGA) methods, such as Ridgelet Transform(Cand�es and 
Donoho, 1999), Curvelet Transform (Starck et al., 2002), and 
Contourlet Transform (Do & Vetterli, 2005), have been intro
duced to handle vector anisotropy in high-dimensional data. In 
addition to transforming images into the frequency domain, 
methods that convert the spatial information into other special 
domains have been applied for anomaly detection. For instance, 
Van Der Werff et al. (2006) applied a two-stage Hough 
Transform to extract complex spatial patterns from the back
ground image without frequency features involved. In general, 
domain transformation based methods exhibit fast computation 
speeds and reliable performance in scenarios with simple tex
tures, strong periodicity, and high real-time requirements. 
However, their effectiveness can be limited when the periodicity 
embedded in images is influenced by translation, rotation, or 
other variations. Furthermore, it is concerned that domain trans
formation may cause information loss in the internal topological 
structure of original images.

Clustering-Based Methods: These methods are generally 
unsupervised and can be classified into distance-based and 
density-based methods according to the mechanism. 
Distance-based methods such as K-nearest Neighbors, Local 
Outlier Factors, and Isolated Forest assume outliers away 
from normal data as anomalies. These methods could suffer 
from the curse of dimensionality when facing high- 

dimensional datasets. On the other hand, Density-based 
methods perform better in high-dimensional clustering tasks 
because they assume anomalies lie in regions with sparse 
distributed data. Density-Based Spatial Clustering of 
Applications with Noise (DBSCAN) methods have limita
tions when anomalies possess large differences in densities 
among dimensions. Efficient improvements include compre
hensive sampling (Tu et al., 2020) and new kernel design for 
density estimation (Hu et al., 2020). Clustering-based meth
ods possess an advantage over other methods because there 
are no labels required, but they have limitations when tex
tures exist in images, which can result in misidentification 
between textures and anomalies.

Image Reconstruction–Based Methods: These methods 
conduct data decomposition to project images into a low- 
dimensional subspace, where anomalies are separated from 
other components before being projected backward and 
reconstructed in the original space. Excellent example 
include Principal Component Analysis (PCA) and its var
iants (Yan et al., 2017, 2018). Such methods have decreased 
their dependence on pre-defined statistical models at a cost 
of high computation complexity in solving the correspond
ing optimization problem. On the other hand, sparsity can 
be used as a distinguishable indicator of data decomposition 
process. For instance, sparse coding is integrated into neural 
blocks of AnomalyNet proposed by Zhou et al. (2019) to 
help with efficient dictionary learning. Such methods have 
obtained higher generalization for complex scenarios like 
textured images, while introducing a high reliance on well- 
constructed datasets to learn a sufficient sparse dictionary. 
In conclusion, image reconstruction based methods possess 
concise model structures but usually take up larger space to 
store pre-learned feature information.

Machine Learning–Based Methods: These methods util
ize neural networks to automatically learn deep features 
from images to conduct anomaly detection. They can be 
generally divided into one-class learning and multi-class 
learning methods. For instance, Li et al. (2021) projected 
defect images onto a 2D topological space using a Self- 
Organizing Map to conduct anomaly detection with only 
defect-free images as training data. Cao et al. (2022) pro
posed a semi-supervised Convolutional Neural Network 
(CNN) method based on Knowledge Distillation, with 
defect-free images and a small set of defect images as train
ing data, to enhance the ability to recognize small anomalies. 
However, obtaining sufficient defect images can be challeng
ing in real-world industrial processes. Tayeh et al. (2020) 

Table 1. Classification example of image anomaly detection methods

Driven By General Categories Example

Statistical Model Parametric model based Hierarchical Model (Gao et al., 2023)
Non-parametric model based Parzen Windowing (Veracini et al., 2011)

Domain Transformation Spatial ! Frequency Fourier Transform (Tsai & Huang, 2003)
Spatial ! other Domains Hough Transform (Van Der Werff et al., 2006)

Clustering Distance based K-nearest Neighbors (Tu et al., 2020)
Density based DBSCAN (Hu et al., 2020)

Image Reconstruction Low-rank Assumption based Principal Component Analysis (Cand�es et al., 2011)
Sparsity Assumption based Sparse Dictionary Learning (Li et al., 2018)

Machine Learning One-class Learning Self-Organizing Map (Le�on-L�opez et al., 2022)
Multi-class Learning Convolutional Neural Network (Li et al., 2021)

IISE TRANSACTIONS 3



applied Random Erasing on defect-free images to generate 
reliable defect samples. Zavrtanik et al. (2021) trained an 
encoder-decoder network on defect-free samples and 
detected images with poor reconstruction effect as anoma
lies. To combine machine learning with conventional anom
aly detection is also a universal attempt. Le�on-L�opez et al. 
(2022) introduced the Hidden Markov Model (HMM) for 
temporal anomalies detection, while Wyatt et al. (2022) opti
mized the Markov chain and Gaussian models within the 
traditional Denoising Diffusion Probabilistic Model (DDPM) 
to capture large image anomalies. Method for change detec
tion with deep learning can refer to Xu et al. (2025). In gen
eral, machine learning based methods can achieve good 
anomaly detection performance with a well-balanced and 
sufficient training dataset. However, their applications can 
be limited by the scarcity of high-quality training data and 
anomaly labels, as well as requirements of robustness and 
reliability in real-world industrial scenarios.

2.2. RPCA and SSD

With the primary focus of obtaining a deterministic estima
tion of image components, image reconstruction based 
methods are considered as priority alternatives for textured 
image anomaly detection. Specifically, analytical methods 
driven by data decomposition (Yue, 2019) including PCA 
and SSD are highlighted in this study.

PCA is a classical method for reducing data dimensional
ity, which has found extensive applications in image 
retrieval, anomaly detection, and quality control. The ration
ale of PCA is to project high-dimensional data onto a 
lower-dimensional space that maximizes the variance among 
different principal components, which enables subsequent 
data compression and feature extraction. RPCA and its 
expansion methods were proposed to enhance the robust
ness of PCA against outliers and improve its ability under 
high-dimensional scenarios. The original data is generally 
considered as a composition of low-rank normal data, sparse 
anomalies, and random noise in RPCA (Cand�es et al., 2011) 
and solved by convex optimization. RPCA methods still 
exhibit inefficiency when applied to large-scale and high- 
dimensional datasets in industrial scenarios, which has moti
vated other PCA-driven methods like Kernel-PCA and SSD.

Under the assumption of the smooth image background 
and sparse anomalies, Yan et al. (2017) established the fun
damental framework of SSD and expanded it temporally as 
the Spatio-Temporal Smooth Sparse Decomposition (ST- 
SSD (Yan et al., 2017)). Compared with other approaches 
for image anomaly detection, SSD and ST-SSD methods 
provided an integrated approach for denoising and anomaly 
detection. The simultaneous decomposition enhances the 
efficiency and reliability of anomaly detection in images 
with smooth backgrounds.

However, these methods lack the necessary estimation of 
normal textures embedded in original images. For example, 
RPCA relies on the assumption of low-rank background and 
sparse anomalies to separate image components, which is 
challenging to eliminate texture related information and 

accomplish reliable performance. On the other hand, SSD- 
related methods can accomplish promising estimation of 
image components including background and anomalies 
with considerable reliance on the smoothness and sparsity. 
However, these two characteristics are insufficient to distin
guish highly uncertain textures. It could be time-consuming 
for SSD related methods to construct appropriate mathemat
ical basis for quasi-periodic textures, while a universal basis 
setting generally results in overestimating anomalies mixed 
with textures. In summary, the applicability of these meth
ods in textured image anomaly detection is limited due to 
deficiency in their core models, which is a primal focus of 
this article.

2.3. Proposed TBSD method

Targeted at efficient anomaly detection in textured images, 
our proposed TBSD method can be classified into the Image 
Reconstruction based methods in Table 1. As shown in 
Table 2, another two representative methods including 
RPCA and SSD are selected to compare with the proposed 
TBSD method. From the perspective of qualitative analysis, 
their main differences lie in the involved components and 
corresponding basic assumptions.

As previously mentioned, RPCA method has limitations 
in accurately separating image background from anomalies 
due to the insufficiency of low-rank assumption on back
ground. SSD method solves that problem by introducing an 
additional smoothness assumption on image background, 
while this model may not be fully applicable to textured 
images, as sparse textures can easily be mistaken for 
anomalies.

When compared with those two Image Background base 
methods, our proposed TBSD method firstly takes the prob
lem of texture misidentification into consideration. 
Subsequently, a rigor mathematical system of quasi- 
periodicity is formulated in Section 3 to provide another 
unique property for efficient separation of textures from 
anomalies. Quantitative modeling and detailed explanations 
could be found in Section 4.

The unique advantages and benefits of adopting the pro
posed TBSD method can be concluded as follows:

1. Significant expansion of data decomposition on vari
ous images: The proposed TBSD method has expanded 
the application of data decomposition methods to tex
tured images. It efficiently solves the texture misidentifi
cation problem in anomaly detection, which brings 
much more tolerance to industrial image processing.

2. Rigorous deterministic modeling method for image 
texture: Quasi-periodicity is proposed with mathemat
ical formulation for deterministic modeling of image 

Table 2. Descriptive comparison of image reconstruction based methods

Method Low-Rank Smoothness Sparsity Texture

RPCA (Cand�es et al., 2011) Yes No Yes No
SSD (Yan et al., 2017, 2018) Yes Yes Yes No
Proposed TBSD Yes Yes Yes Yes

4 J. SONG ET AL.



textures. Leveraging this unique property enables effi
cient decomposition and reconstruction of textures, 
which in turn enhances the accuracy of anomaly detec
tion in textured images.

3. Novel methodology of integrating prior knowledge 
into optimization: On a basis of quasi-periodicity prop
erty, it is proposed that texture basis functions could be 
automatically learned in a form of sparse dictionary 
rather than manual construction. This creative approach 
enhances the universality and cost-effectiveness of image 
data decomposition methods. Both simulation (Section 
5) and real-world experiments (Section 6) have suffi
ciently validated its efficiency and practicability.

3. Quasi-periodicity of texture component

3.1. Decomposition and examples of source image

It is worth noting that the targeted images studied in this 
article can be quasi-periodic textured images with smooth 
backgrounds and sparse anomalies. These textured images 
can be modeled as follows.

Suppose a source image Y is represented by a matrix 
with the size of m� n in pixel. Y can be decomposed into 
four distinct components as follows:

Y ¼ Cbg þ Ctex þ Ca þ e (1) 

1. Cbg : Low-rank smooth background: It represents the 
image background. This component should be both 
low-rank and smooth. A smooth basis is constructed to 
estimate it in data decomposition.

2. Ctex: High-rank quasi-periodic texture: It represents a 
series of textures and should be treated as a normal 
component. It exhibits high-rankness because of the 
complexity and variability of textures and possesses 
quasi-periodicity as elements of those structures are 
similar in shape and size. A series of texture basis 

functions are specifically generated to extract this 
component.

3. Ca: High-rank sparse anomaly: It represents anomalies 
that are sparsely distributed within defect images and 
equal to ; in a defect-free image. It exhibits sparsity 
because those anomalies are usually small in both sizes 
and total proportion compared to the entire image. This 
component is estimated by residuals after data decom
position and denoising.

4. e: Random noise: It represents random noise in the 
source image, usually from measurement precision or 
inherent variability.

Figure 3 is a typical example to illustrate how those char
acteristics including smoothness, quasi-periodicity, and 
sparsity are implied in corresponding components in real- 
world images. Practically, there are considerable real-world 
images with seamlessly varying background, almost similar 
texture patterns, and sparse anomalies, such as Figure 4. 
These images lay a foundation for the generalizability of the 
textured image anomaly detection.

There is a considerable proportion of real-world textured 
images. However, those textures could generally possess com
plex and highly uncertain patterns while rarely having reliable 
manual annotations, so that it is essential and valuable to 
develop an unsupervised approach to efficiently learn associ
ated features. Under this circumstances, quasi-periodicity is 
proposed as another unique property besides sparsity to separ
ate image textures from anomalies. It is targeted at supporting 
efficient decomposition and reconstruction of image textures 
so as to enhance anomaly detection in textured images.

This section would derive definitions and theorems about 
quasi-periodicity from universally adopted periodicity across 
different dimensions. Nomenclature is inncluded in Table A1 
(Online Appendix). The objective is to provide mathematical 
basis for extracting common patterns embedded in quasi- 
periodic textures like examples illustrated in Figure 4.

Figure 3. Background, textures, and anomalies in simulation/real-world image examples.
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3.2. One-dimensional periodicity

Definition 3.1. A set of color intensity s sampled from a 
piece of image is said to be a signal set if that set is discrete, 
finite, and real-valued. It follows that:

i. In the one-dimensional (1D) case, a 1D signal set is 
denoted as S and consists of real-valued color intensity 
points (e.g., gray value of each pixel as s), which can be 
expressed as S ¼ fs1, s2, s3, :::, sng 2 R

1;
ii. In the 2D case, a 2D signal set is denoted as S2 and con

sists of multiple 1D signal sets, which can be expressed 
as S2 ¼ fS1, S2, S3, :::, Sng 2 R

2;
iii. Particularly, a 2D signal set is said to be a signal 

matrix if all lengths of component 1D signal sets 
fSjjSj 2 S2g are the same; a signal matrix can also be 
regarded as a sampled patch from the original image.

Definition 3.2. A 1D signal set S is said to be periodic 
if 9T 2 Zþ, T 2 ð1, nÞ, there exists siþT ¼ si for every si 2 S,  
8i 2 ½1, n − T�:

As expressed in Definition 3.2, the periodicity with respect 
to a 1D signal set S possesses three essential elements, which 
include the definition domain Fn ¼ fi 2 Zþj1 � i � ng; the 
periodic length T, and the periodic mode ST ¼

fs1, s2, s3, :::, sT jsj 2 S�g: As shown in Figure 5, a 1D periodic 
signal set S can be regarded as a connected duplication of its 
periodic mode ST on equal-length segments. A 1D periodic 
signal set S can be denoted with a doð�Þ operator as follows:

S ¼ doðST ,FnÞ (2) 
Periodic 1D signal sets are commonly recognizable due to 
their distinctive characteristics, which is the same for their 
composition (Proposition 3.1).

Theorem 3.1. A composite 1D signal set S, which is a linear 
combination of periodic 1D signal sets fSðkÞjSðkÞ ¼ do 
ðSTðkÞ ,FnðkÞ Þ, 1 � k � K, k 2 Zþg, is also periodic if and only 
if all ratios of any two periodic lengths fTðk1Þ=Tðk2Þj1 �
k1, k2 � K, k1 6¼ k2g are rational.

Proposition 3.1. For a composite 1D periodic signal set 
S ¼

PK
k¼1 bðkÞSðkÞ, where SðkÞ ¼ doðSTðkÞ ,FnðkÞ Þ and bðkÞ 2 R, 

it follows that S ¼ doðST ,FNÞ and:

i. S possesses a definition domain FN 
where N ¼ maxfnðkÞj1 � k � Kg;

ii. S possesses a periodic length T being the least common 
multiple of fTðkÞj1 � k � Kg (denoted as fTðkÞ
j1 � k � Kg�);

iii. S possesses a periodic mode ST ¼ ½
PK

k¼1 bðkÞSTðkÞ �:T :

Theorem 3.1 has revealed the necessary and sufficient 
condition of creating another 1D periodic signal set by lin
early combining 1D periodic signal sets. That condition can 
be easy to accomplish in real-world practices with all signals 
constrained to be rational.

3.3. Two-dimensional periodicity

Definition 3.3. A 2D periodic signal set S2 is said to be peri
odic if S2 ¼ S½1� � S½2�, where S½1�, S½2� are composite 1D peri
odic signal sets with periodic lengths being T½1� and T½2�, 
respectively. It follows that S2 possesses a definition domain 
F2

N½1� , N½2� , a periodic size T2 ¼ ðT½1�, T½2�Þ, and a periodic 
mode S2

T2 ¼ ½S2�ð:T1, :T2Þ
:

Figure 4. Examples of textured images: (a) Manually constructed image with mainly linear textures for Simulation Study; (b) Manually constructed image with the
oretically quasi-periodic textures; (c) Real-world image of wooden surfaces for Case Study.

Figure 5. How quasi-periodicity derives from periodicity: an originally periodic 1D signal set S, with uncertainty attached onto lengths and elemental sets of its peri
odic segments, could be transformed into a 1D quasi-periodic signal set. (for the convenience of illustration, discrete signal sets are connected as continuous curves 
in this figure).
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According to Definition 3.3, it is possible to obtain a 2D 
periodic signal set by conducting outer production on two 
composite 1D periodic signal sets. Each row of such a 2D 
periodic signal set S2 can be regarded as the composite 1D 
periodic signal set S½2� weighted by elements from S½1�; which 
is similar for each S2’s column.

As illustrated in Figure 6(a), 2D signal sets like images 
with periodicity are common in the real world as that char
acteristic is relatively stable across dimensions. It is effective 
to directly extract common modes from periodic images, 
while doing the same could be difficult when conducted on 
images with quasi-periodicity.

3.4. One-dimensional quasi-periodicity

Definition 3.4. A 1D signal set S is said to be quasi-periodic 
if there exists a segmentation SftMg where 9M 2 Zþ n 1, a 
quasi-periodic length T 2 ð1, minmftmg�, and a quasi-periodic 
mode S~T so that 9r > 0, 0 �k S ~tm − S~Tk

2 � r2 is satisfied for 
every S ~tm 2 SftMg:

As expressed in Definition 3.4, the quasi-periodicity with 
respect to a 1D signal set S possesses five essential elements, 
which includes the definition domain Fn ¼ fi 2 Zþj1 � i �
ng; the quasi-periodic segmentation SftMg; the quasi-periodic 
length T, the quasi-periodic mode S~T ; and the quasi- 
periodic control limit r: A 1D quasi-periodic signal set S 
can be denoted with a quasið�Þ operator as follows:

S ¼ quasiðS~T , SftMg, r,FnÞ (3) 

The definition of quasi-periodicity is an extension of that 
of periodicity. As illustrated in Figure 5, it has loosened con
straints on strict equality among lengths and corresponding 
elemental sets of periodic segments defined in Definition 3.2.

Definition 3.5. A composition of 1D quasi-periodic signal 
sets can be expressed as S ¼

PK
k¼1 bðkÞSðkÞ, where SðkÞ ¼

quasiðS ~TðkÞ , S
ftðkÞM g

, rðkÞ,FnðkÞ Þ and bðkÞ 2 R:

Theorem 3.2. A composition S of 1D quasi-periodic signal 
sets, as defined in Definition 3.5, is said to be quasi-periodic 
if there exists r > 0 so that ð

PK
k¼1 bðkÞ2Þ ½

PK
k¼1 

ðk ðSðkÞÞ ~tm k2 þ rðkÞÞ
2
� � r2 is satisfied for every segment ~tm 

where all components SðkÞ show quasi-periodicity.

Similar with the periodic case (Proposition 3.1), a linear 
composition of 1D quasi-periodic signal sets can be 
expressed in Definition 3.5. However, quasi-periodicity of a 
composite 1D signal set tends to be weakened as number 
and diversity of its components increases. Theorem 3.2, 
proved in Online Appendix C.1, has shown that both 
increase of component number K and diversity among 
quasi-periodic segmentation S

ftðkÞM g
reduce the possibility and 

scale of all components SðkÞ share a quasi-periodic segment 
~tm : Though this phenomenon makes the constraint easier to 
be satisfied as ~tm becomes rare and small, the quasi- 
periodicity of S can be weakened with the complexity of 
components increases.

3.5. Two-dimensional quasi-periodicity

The same outer product operation as Definition 3.3 can be 
applied to generate a 2D signal set from a 1D quasi-periodic 
signal set as illustrated in Figure 6(b). Such a constructed 
2D signal set is an expected image with quasi-periodicity, 
whereas a 2D quasi-periodic image may either show globally 
disordered patterns or possess too small quasi-periodic seg
ments to be recognized. It could be inefficient to directly 
capture common modes in such an image, while its 1D 
component quasi-periodic signal sets are much easier to be 
modeled.

Therefore, for the texture component in an arbitrary tex
tured image, which is considered as a 2D quasi-periodic sig
nal set, it is suggested to capture common texture patterns 
after reducing dimension for effectiveness and efficiency. 
Practically, the dimensionality is reduced along a h direction 
in the polar coordinate system, with the image center as the 
pole and the horizontal right as the polar axis. It follows 

Figure 6. Producing 2D matrix with (a) periodic and (b)quasi-periodic 1D signal sets by outer product operation: (a) still possess evident periodicity which can be 
directly captured; (b) consists of sparse textures with similar patterns but high uncertainty.
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that if the gained 1D signal set is quasi-periodic, then S2 is 
denoted to possess quasi-periodicity along the ðhþ p=2Þ dir
ection, which is orthogonal to the dimension-reduced direc
tion h:

3.6. Section conclusion

The proposed quasi-periodicity theoretically derives from 
periodicity (Definition 3.2). The necessity and significance 
of introducing quasi-periodicity into anomaly detection on 
textured images can be concluded as follows:

1. Intuitively, the core idea behind quasi-periodicity is to 
summarize features of those “similar but not identical” 
texture patterns existing in textured images.

2. Practically, quasi-periodicity is introduced to describe 
and model the potentially common texture patterns 
embedded in textured images.

3. Mathematically, with an assumption of textures possess 
quasi-periodicity, it is proven to be more efficient to 
extract common texture patterns after dimensional 
reduction.

In addition, when it comes to periodic scenarios, the 
quasi-periodicity would shrink into a concise model as 
defined in Definition 3.2, 3.3. Related models and methods 
could be utilized to extract periodic modes and reconstruct 
similar textures in other images.

4. The Texture Basis Integrated smooth 
Decomposition (TBSD) method

In this section, the TBSD methodology is proposed 
(Subsection 4.1). It consists of two crucial processes includ
ing (I) texture basis function learning and (II) anomaly 
detection. With a smooth basis B pre-constructed in 
Subsection 4.2, Process I (Subsection 4.3) learns a set of tex
ture basis functions Bt from textures dCtex in a defect-free 
image Y. Then Process II (Subsection 4.4) utilizes both B 

and Bt to targetedly separate anomalies cCa in a defect image 
_Y : Algorithms to conduct TBSD are further developed based 
on optimization models in Table 3.

4.1. Proposed optimization model

The proposed TBSD method could be concluded into two 
mathematical optimization models as separately constructed 
in Table 3 with notations in Table A.2.

Model I, corresponding to the texture basis function 
learning process, is targeted at learning a set of texture basis 
functions Bt from a defect-free image Y, along with a pre- 
constructed smooth basis B as input. This model consists of 
two phases. Phase I-I  decomposes Y to estimate textures 
dCtex following Algorithm 4.1; then Phase I-II  learns Bt 

along different directions D where dCtex possesses quasi- 
periodicity. Algorithm B.2 and B.1 are proposed to find an 
acceptable solution for Bt:

Subsequently, Model II, corresponding to the anomaly 
detection process, would be conducted on a defect image _Y 
following Algorithm 4.2. The pre-learned texture basis Bt 

serves as a sparse dictionary for reconstructing textures dCtex 

in _Y ; so that misidentification problem in anomaly detection 
can be targetedly prevented.

In Table 3, 

ScðxÞ ¼ sgnðxÞ � ðjxj − cÞþ, xþ ¼ maxðx, 0Þ,

sgnðxÞ ¼

1, x > 0

0, x ¼ 0

−1, x < 0

8
>><

>>:

h and ht are two core parameters to be estimated in the 
optimization model. These two estimators can be solved by 
ridge regression utilizing the idea of Block Coordinate 
Descent (BCD) method (Yan et al., 2017), with related 
proofs in the Online Appendix C.2, C.3 and results shown 
as follows:

Table 3. Optimization model for defect-free/defect images

(I) Defect-free image (II) Defect image

Input (I-I) Y, B (I-II) cCtex _Y , B, Bt

Objective argminhk ek2 þ khT Rhþ ckcCtexk1 argminDk
cCtex − ~Ctexk

2 argminh, ht
k ek2 þ khT Rhþ c k htk1 þ gk bCak1

Subject to: Y ¼ cCbg þ cCtex þ Ca þ e
cCbg ¼ Bh, Ca ¼ ;

cCtex ¼
P

d2D
d
CðdÞtex ,

~Ctex ¼
P

d2D BðdÞt

_Y ¼ c_C bg þ
d_C tex þ

b_C a þ e
c_C bg ¼ Bh, d_C tex ¼ Btht

Output ĥ D ĥ, ĥt
Estimator cCtex ¼ Sc=2ðY − BĥÞ Bt ¼ fBðdÞt jd 2 Dg bCa ¼ Sg=2ð _Y − Bĥ − Bt ĥt Þ

ĥ ¼
ðBTBþ kRÞ−1BT � ðY − dCtexÞ, for defect-free images Y
ðBTBþ kRÞ−1BT � ð _Y − Btĥt −cCaÞ, for defect images _Y

(

(4) 
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ĥt � BT
t � ðY − Bĥ −cCaÞ −

c

2
sgnðBT

t � ðY − Bĥ −cCaÞÞ (5) 

It is worth noting that the quasi-periodicity proposed in 
Section 3 for image textures plays a critical role in the 
whole optimization model. This assumption is first expli
citly expressed as Phase I-II  in TBSD’s optimization 
model. It regards textures Ctex as a composition of quasi- 
periodic sub-textures CðdÞtex along different directions d 2 D 
and decomposes dCtex extracted from defect-free images to 
construct a series of texture bases Bt ¼

P
d2D BðdÞt :

Subsequently, this assumption is utilized in Phase II for 
estimation and reconstruction of textures in defect images, 
so as to separate them for anomaly detection. In the tech
nical application of Algorithms B.1, B.2, and B.3, this 
assumption ensures the targeted texture basis functions Bt 
are learnable and could be simplified. Learnability allows 
image textures to be represented and estimated by linear 
combinations of Bt: Simplifiability allows sufficient con
struction of Bt based on a small batch of defect-free 
images. Detailed explanations could be found in the subse
quent Subsection 4.3

4.2. Estimation of low-rank smooth background

There are two assumptions for the background component 
Cbg in a source image Ym�n:

(1) The low-rank assumption: Background possesses signifi
cantly lower rank than other components: 

rankðCbgÞ � rankðYÞrankðCbgÞ � rankðY − CbgÞ (6) 

This assumption is crucial for separating the background 
from the original image. It ensures that the decomposition 
based on low rank in Algorithm 4.1 is conducted in a rea
sonable manner. It is illustrated in Figure 7 that a limited 
set of basis functions is sufficient to estimate the image 
background Cbg by leveraging this assumption.

(2) Smoothness assumption: Denote the intensity of pixel 
Pði, jÞ as Gði, jÞ and its neighborhood as HðPði, jÞÞ; the adja
cent intensity difference D should be constrained within a 
threshold value q > 0: 

Dði1, j1Þ

ði2, j2Þ
¼ jGði1, j1Þ − Gði2, j2Þj � q � ðji1 − i2j þ jj1 − j2jÞ ,

Pði2, j2Þ 2 HðPði1, j1ÞÞ, 1 � i1, i2 � m, 1 � j1, j2 � n
(7) 

This assumption essentially restricts the intensity function 
across the pixel domain to be q-Lipschitz continuous and 
intuitively smooth. Consequently, smooth basis functions 
could efficiently approximate such an intensity variation to 
estimate a smooth image background.

Under these assumptions, the low-rank smooth back
ground component Cbg can be generated with a set of 
smooth bases B as shown in Figure 7. The smooth basis 
function is constructed using a L-degree B-spline function 
with L ¼ 3 and smoothness k ¼ 2: With the corresponding 
coefficient matrix denoted as h; there exists

cCbg ¼ Bh ¼ ByhyðBxhxÞ
T
¼ Byhyh

T
x BT

x (8) 

4.3. The texture basis function learning (TBFL) process

The Texture Basis Function Learning (TBFL) process (Table 
3: Model I) conducts data decomposition on defect-free 
images. It is targeted at learning a set of texture basis func
tions that can be utilized in the next-step anomaly detection 
process. In this first part (Model I-I) of the training phase, 
Algorithm 4.1 is applied onto a defect-free image Y to esti
mate embedding textures dCtex : This algorithm functions 
based on the rank difference between low-rank image back
ground and other high-rank components. It estimates the 
smooth coefficient h which reconstructs background cCbg 

from smooth bases B, so that textures dCtex could be 
separated.

Figure 7. Smooth basis function generation based on 3-degree B-spline curve.
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Model I-II  follows quasi-periodicity related properties 
specifically discussed in Section 3.5. It is solved to accom
plish an appropriate texture basis Bt based on the aforemen
tioned defect-free textures dCtex : An ahead dimensional 
reduction is suggested to respectively extract 1D quasi- 
periodic modes from dCtex instead of directly exploring in the 
original 2D case. Here Bt serves as an overcomplete 

“dictionary” of texture patterns dCðdÞtex along different direc
tions d 2 D where dCtex possesses 1D quasi-periodicity.

dCtex ¼
X

d2D

dCðdÞtex , (9) 

Technically, Algorithms B.1 and B.2 are proposed to 

determine D and dCðdÞtex jd 2 Dg
n

based on dCtex : Then 
Algorithm B.31 would generate a texture basis Bt by 
density-based clustering. For convenience, the d and ðd þ
p=2Þ directions (corresponding to hþ p=2 and h direction 
in Section 3.5) are further denoted as the texture expansion 
direction and texture extension direction, respectively.

As complementary, Model I-II  is initially targeted at an 
optimal solution of D. However, texture bases Bt would pro
vide sparse elements to the next-step anomaly detection pro
cess for texture reconstruction, so a feasible solution for 
Model I-II  containing essential texture patterns is also 
acceptable in practice.

As Figure 8 shows, Algorithm B.1, denoted as Linear 
Sampling in Equal Rotation Angle (LSERA), results in a 1D 
signal set fSðkhÞg: With a pre-defined threshold value /S >

0; the set of texture expansion directions D is detected by 
the following criteria:

FðkhÞ ¼ stdðSðkhÞÞ − stdðSðkhþp=2ÞÞ,

ðkhþ p=2Þ 2 D, if FðkhÞ > /S

ðkhþ p=2Þ 62 D, o:w:

(
(10) 

This criteria is the core of Algorithm B.2: When the sam
pling direction aligns with the texture extension direction 
h�; SðkhÞ exhibits a pattern of intertwined background and 
texture, resulting in a high standard deviation due to signifi
cant intensity difference between those two components, 
while the range of standard deviation in Sðkhþp=2Þ would 
be low.

As supplementary, Algorithm B.1 theoretically root in the 
relative simplicity of detecting one-dimensional quasi-peri
odicity than that in the two-dimensional case (Section 3.5). 
The basic idea of this algorithm, which rotates a linear sam
pling line around a fixed point within images so that 
dimension-reduced information could be accomplished 
along specific directions.

Here follows another practical operation for more effi
cient Bt learning. According to the denotation in Section 
3.4, CðdÞtex can be effectively expressed as a composition of a 
set of quasi-periodic texture modes SðdÞ~T along the texture 
expansion direction d, with the corresponding quasi- 
periodic length, segmentation, and control limit denoted as 
T, SðdÞ

ftMg
; and rðdÞ; respectively. If there exists a spatial length 

n for texture expansion along the d direction, then fCðdÞtexg

can be denoted as follows: 

CðdÞtex ¼ quasiðSðdÞ~T , SðdÞ
ftMg

, rðdÞ,FnÞ (11) 

Equation 11 has revealed that the primary learning basis 
of TBFL process can be further narrowed down from 
dCðdÞtex jd 2 Dg
n

to fSðdÞ~T jd 2 Dg: It is reasonable for quasi- 

periodic modes fSðdÞ~T jd 2 Dg to be sufficiently contained 
within partial areas of the original image Y, so segmentation 
could be conducted on Y to learn effective texture basis Bt 

Algorithm 4.1. Low-rank data decomposition for defect-free images.

Input: Source image data: Y, Smooth basis function: B, Roughness matrix: R, 
Maximum iteration times: iterTimes, Parameters: k, c 

Output: Smooth background component: cCbg ; High-rank texture component: 
cCtex 
1: function LOWRANKDECOMPOSITE(Y, B, R, iterTimes, k, c) 
2: cCtex  ;

3: iIter  0 
4: H BðBT Bþ kRÞ−1BT 

5: while iIter < iterTimes do 

6: cCbg  HðY − cCtex Þ

7: cCtex  Sc=2ðY − cCbg Þ

8: iIter  iIter þ 1 
9: end while 

10: return cCbg , cCtex 

11: end function 

Figure 8. Schematic diagram of LSERA algorithm (Rotate times: k, Rotation angle: h).
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based on image patches without significant impact on the overcompleteness of Bt:

In conclusion, the TBFL process is targeted at solving Models I-I, I-II  in Table 3 to accomplish an overcomplete set of 
texture basis function Bt; which would be utilized in the subsequent anomaly detection process for texture reconstruction.

4.4. Anomaly detection process

With the pre-learned texture basis functions Bt from the TBFL process, Model II in Table 3 could be solved for an optimal 
estimation of anomalies Ca in defect images _Y : Algorithm 4.2 is proposed for this anomaly detection process. It is actually 
an extension of Algorithm 4.1 when the decomposed image _Y contains anomalies Ca 6¼ ;: This algorithm firstly separate 
background based on rank difference, then separate textures based on the proposed quasi-periodicity assumption, so as to 
efficiently detect image anomalies. Two core parameters including smooth coefficient h and texture coefficient ht are solved 

as shown in Online Appendix C to iteratively improve the estimation of c_Cbg and d_Ctex for the final c_Ca detection.
It should be pointed out that removing image background by low rank based decomposition is necessary before operating 

on textures. A defect-free image Y is considered as a composite 2D signal set which consists of low-rank smooth back
ground Cbg and high-rank quasi-periodic textures Ctex: It is reasonably assumed that Y is non-quasi-periodic because an 
additionally non-quasi-periodic background Cbg can obscure the originally weak quasi-periodicity within 2D quasi-periodic 
signal set Ctex (Section 3.5). Therefore, the texture basis functions Bt should be learned individually using the quasi-periodic 

textures Ctex in Model I-I, as is the case for texture reconstruction in Model II.
Additionally, this anomaly detection model (Model II in Table 3, or Model 12c) is theoretically compared with optimiza

tion models of RPCA and SSD as follows:

RPC Amethod ðCandés et al:; 2011Þ:
argmin

W
kWk2 þ kkLk� þ c k Sk1

s:t: Y ¼ Lþ SþW
(12a) 

SSD method ðYan et al:; 2017; 2018Þ:
argmin

h, ha

k ek2 þ khTRhþ c k hak1

s:t: Y ¼ cCbg þcCa þ e ¼ Bhþ Baha þ e
(12b) 

Proposed TBSD :
argmin

h, ht

k ek2 þ khTRhþ c k htk1 þ gkcCak1

s:t: Y ¼ cCbg þdCtex þcCa þ e ¼ Bhþ Btht þcCa þ e
(12c) 

where k � k2, k � k1, k � k� are respectively defined as the l2-norm, l1-norm, and the nuclear-norm operators, which are separ
ately denoted as kMk2

¼
P

ij M2
ij; kMk1 ¼

P
ij jMijj; and kMk� ¼

P
i riðMÞ; with riðMÞ representing the ith singular value 

of M.

Algorithm 4.2. Anomaly detection based on defect images.

Input: Source image data: _Y ; Smooth basis function:B, Texture basis function:Bt;
Roughness matrix:R, Maximum iteration times:iterTimes, Parameters:k, c, g, /B=T 

Output: Smooth background component: cCbg ; High-rank quasi-periodic texture 

component: cCtex ; Sparse anomaly component: bCa 

1: function DEFECTDECOMPOSITION( _Y , B, Bt , R, iterTimes, k, c, g, /B=T ) 

2:   ĥt  ;

3:   bCa  ;

4:   iIter  0 
5:   H BðBT Bþ kRÞ−1BT 

6:   while iIter < iterTimes do 
7:   cCbg  Hð _Y − Bt ĥt − bCa Þ

8:   ĥt  Sc=2ðBT
t ð

_Y − cCbg − bCa ÞÞ

9:   cCtex  Bt ĥt 

10:   bCa  Sg=2ð _Y − cCbg − /B=T �
cCtex Þ

11: iIter  iIter þ 1 
12: end while 
13: return cCbg , cCtex , bCa 

14: end function
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When compared with those benchmarks, the contribu
tions of the proposed TBSD method on anomaly detection 
of textured images can be concluded as follows:

1. This study primarily addresses the issue of misidentifi
cation between anomalies and normal textures in tex
tured images, which is not theoretically highlighted and 
practically accomplished in other benchmarks.

2. This study has provided a solid mathematical founda
tion with quasi-periodicity introduced so that image 
textures could be reasonably decomposed from original 
data. Accordingly, this study has also proposed a prac
tical approach to learn textures and integrate them into 
optimization models for efficient anomaly detection.

3. The proposed method can be easily implemented with 
stably satisfying anomaly detection performance in tex
tured images, where other benchmarks may suffer from 
complicated parameter tuning work without guarantee 
on detection accuracy.

4.5. The computation complexity analysis

The computation complexity of two operations are listed 
here for premises:

1. Inversion operation of a n� n matrix: Oðn3Þ

2. Multiplication operation of a m� n matrix with another 
n� p matrix: Oðm � n � pÞ

Subsequently, here are some assumptions about data or 
parameters used in the method:

1. Size of the defect-free image patch for training: m� n:
2. Size of the defect image for anomaly detec

tion: M � Nðm � M, n � NÞ:
3. Parameters to construct the smooth basis function 

B: ðk, LÞ:
4. Number, width, and rotation times of sampling lines in 

Algorithm B.1: ðKl, wl, KrÞ:

5. Number of learned texture basis functions: Kt:

Based on all aforementioned premises and assumptions, 
we have as follows:

Computation complexity to estimate components are:

1. Estimation of Cbg in train/test images (Equation 
8): Oðmaxðm, nÞ3Þ=OðmaxðM, NÞ3Þ

2. Estimation of Ctex based on sparse dictionary learn
ing: OððKt �M � N2ÞÞ:

Computation complexity of main algorithms are:

1. Low-rank Data Decomposition Process (Algorithm 
4.1): Oðmaxðm, nÞ3Þ:

2. LSERA Process (Algorithm B.1): approximately 
OðKr� Kl � wl �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2 þ n2Þ

p
Þ:

3. Anomaly Detection Process (Algorithm 4.2): 
OðmaxðM, NÞ3Þ:

In summary, the computation complexity of the proposed 
TBSD method has a maximum accessibility of 
Oðmaxðm, nÞ3Þ in the training phase and OðmaxðM, NÞ3Þ in 
the detection phase, which are highly correlated with the 
size of images chosen for corresponding processes. For com
parison, the computation complexity of FFT is OðN2logNÞ;
while the RPCA and SSD methods both have the computa
tion complexity of OðmaxðM, NÞ3Þ because of matrix opera
tions. The slight increase in computation time would be 
acceptable considering the significant anomaly detection 
effects which are convinced by both simulated- and real- 
world experiments in the next two sections.

5. Simulation study

A simulation dataset is designed as Figure 9 with a size of 
344� 351 in pixel.

A defect-free simulation image, with cross-textures and a 
texture spacing of 10 pixels, is denoted as Ysimulate

cross½10� : This 
image is selected for the TBFL process to learn the texture 
basis Bt: The quasi-periodicity detection based on Algorithm 
B.2 is conducted on the texture estimator dCtex ; which is 
obtained by Algorithm 4.1 on Ysimulate

cross½10� : The results indicate 
the presence of two texture expansion directions including 
45� and 135� in Ysimulate

cross½10� ; aligning with real-world observa
tions. Then Bt is learned by Algorithms B.1 and B.3. Finally, 
the learned texture basis Bt is input into the subsequent 
anomaly detection process (Algorithm 4.2) conducted on 
defect images with ðk, c, g, iterTimesÞ ¼ ð0:1, 0:2, 0:05, 1Þ:

As results in Figure 10 show, the preset anomalies are 
separated with a relatively high accuracy, which means the 
TBSD is practical for image anomaly detection. For com
parison, three benchmarks including RPCA, SSD, and FFT 

Figure 9. Schematic diagram of simulation image data components.
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are selected to deal with the same images. The proposed 
TBSD method achieves the best detection results with the 
most complete anomalies extracted and misidentified tex
tures reduced to a large extent. Other methods all possess 
varying degrees of misidentification and relatively poor con
formity with the underlying truth. In summary, the pro
posed TBSD method provides an efficient approach to 
enhance accuracy without significantly increasing time on 
textured image anomaly detection.

For quantitative comparison, the following two metrics 
are introduced, namely the true positive rate (TPR) and the 
false positive rate (FPR): 

TPR ¼
TP

TP þ FN
, FPR ¼

FP
FP þ TN

, (13) 

where TP is the number of defect pixels correctly detected; 
FN is the number of defect pixels that are not detected; FP 
is the number of normal pixels that are incorrectly detected 
as anomalies; TN is the number of normal pixels correctly 
detected.

Additionally, Algorithm B.4 is applied onto anomaly 
detection results in Figure 10. This algorithm can utilize 
detected defect pixels to generate closed defect areas, which 
are quantitatively compared with the underlying truth. The 
detailed results are listed in Table 4, which provides a quan
titative support for the graphical results. It is shown that the 
TBSD method achieves the best anomaly detection perform
ance among all three types of defect simulation textured 
images when compared with benchmarks.

6. Case study

Real-world experiments are conducted on industrial images 
from the “wood” sub-dataset in a publicly available MVTec 
AD dataset (Bergmann et al., 2021). With the quasi- 
periodicity detection result indicating that the textures 
expand horizontally, the TBFL process (Table 3 I; 
Algorithms 4.1, B.1) is applied on a selected image patch to 
learn texture basis functions Bt: This patch is segmented 
from the 075 defect-free image Ygood

075 in the “good” category 
of the “wood” sub-dataset. It is obtained by dividing Ygood

075 
into 16 equal parts and separating the (0, 0) part in the first 
row and the first column. The entire patch is denoted 
as Ygood

075, ½0, 0�:

In a similar manner, notations Yhole
003 and Yhole

000, ½1, 1� respect
ively represent the 003 defect image in the “hole” category 
of the “wood” sub-dataset, and the (1) patch in the second 
row and the second column of equally 16-segmented Yhole

000 :

6.1. Preliminary experiment

A defect image patch Yhole
000, ½1, 1� is selected for the anomaly 

detection process (Table 3 II; Algorithm 4.2) with 
ðk, c, g, iterTimesÞ ¼ ð0:1, 0:2, 0:05, 1Þ: An excellent perform
ance is accomplished in Figure 11(b) with both clear distinc
tion from normal textures and accurately separated 
anomalies. This preliminarily proves the outstanding ability 

Table 4. Simulation numerical experiment results of anomaly detection methods.

Texture Pattern

TBSD RPCA SSD FFT

TPR FPR TPR FPR TPR FPR TPR FPR

Prior One-direction 0.412 0.095 0.297 0.248 0.268 0.072 0.079 0.101
Non-prior One-direction 0.547 0.079 0.283 0.249 0.337 0.084 0.063 0.101
Non-prior Crossing 0.331 0.096 0.260 0.250 0.268 0.071 0.057 0.102
Avg. 0.430 0.090 0.280 0.249 0.291 0.075 0.066 0.101

Note: Bold values indicates the highest TPR and lowest FPR values.

Figure 10. Schematic diagram of anomaly detection effect.
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of the proposed TBSD method, which could conduct effi
cient anomaly detection with texture misidentification pre
vented at the same time, and high tolerance on the scale of 
anomalies which violates the preset sparsity.

Additionally, performance of benchmarks are compared 
in Figure 12. The experiment conducted on the real-world 
dataset yields similar results to the simulation study (Section 
5) with respect to anomaly detection performance of each 

method, which also conform to their theoretical limitations 
discussed in Section 4.4.

1. The proposed TBSD demonstrates successful anomaly 
detection with high consistency with the underlying 
truth. It also reduces misidentified normal textures to a 
great extent with a slightly longer but acceptable detec
tion time.

Figure 12. Comparison of anomaly detection effect based on Yhole
000, ½1, 1�:

Figure 13. Visualization of anomaly detection effect based on Yhole
000, ½1, 1�:

Figure 11. Example of proposed TBSD method for anomaly detection on real-world image with large-size anomalies: (a) Original textured image, where the solid 
line marks the anomalies, dotted line marks the textures, circular mask marks part of the background; (b) Anomalies detected by the proposed TBSD method; (c) 
Underlying truth of anomalies.
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2. The RPCA and FFT methods possess fast speeds but 
poor anomaly detection effect. RPCA captures too few 
anomalies, while FFT extracts excessive textures and 
background due to non-optimal filtering.

3. The SSD method captures relatively complete anomalies, 
while it also misidentifies more normal textures as anomalies.

6.2. Expanded experiment

Expanded numerical experiments are conducted on three 
randomly selected images including Yhole

000 ; Yhole
003 ; and Yhole

009 :

Each of those images is quartered both horizontally and ver
tically into 16 sub-images and separately processed using the 
TBSD method. Similar with the simulation study, anomaly 
detection results are also processed by Algorithm B.4 to sup
port quantitative comparison with respect to TPR and FPR 
metrics (Equation 13). The same parameter ð/B=T , /AÞ ¼

ð0:5, 2%Þ is applied to ensure the comparison to reflect 
more about TBSD’s superiority rather than impact of par
ameter tuning. However, the parameter selection also plays 
a crucial role in TBSD’s performance, though it does possess 
relatively strong robustness to non-optimal parameter 
settings.

Take the anomaly detection result of Yhole
000, ½1, 1� as an 

example (Figure 13). The proportion of detected anomalies 
is evaluated to about 6%, which far exceeds a preset thresh
old /A ¼ 2% and indicates the defect issue within that 
image. Closed defect areas in Figure 13(e) is quantitatively 
measured with TPR � 78:44% and FPR � 2:16%; which 
demonstrate that almost 80% of anomalies are detected with 
misidentification less than 3%.

Furthermore, Table 5 summarizes the quantitative experi
ment results in terms of TPR and FPR. Figure 14 has illus
trated the proportions of detected defect pixels in Yhole

000 ;

Yhole
003 ; and Yhole

009 after applying the TBSD method.
Except for one misjudgement in Yhole

003 ; all defect patches 
are accurately detected with relatively significant differences 
from other defect-free patches. The proposed TBSD method 
exceeds other benchmarks on both the average level and 
top-performing level across randomly selected defect images. 
All the aforementioned conclusions strongly corroborate the 
superior effectiveness and reliability of the TBSD method 
for image anomaly detection.

It is also worth noting that some of the “misidentified 
defect pixels” may represent potential anomalies that had 
not been labeled. This assertion finds some confirmation 
through the comparison of anomaly detection effects as pre
sented in Figure 15. It is implied that the proposed TBSD 
method exhibits a certain predictive capability for noble 
anomaly types where prior information is lacking.

As supplementary, it is important to note that the univer
sal parameter set ð/B=T , /AÞ ¼ ð0:5, 2%Þ may not necessarily 
be the optimal parameter combination for anomaly detec
tion in each image patch. As illustrated in Figures C.1 and 
C.2 (Online Appendix), an improper choice of parameters 
can led to partially residual textures in detected anomalies 
Ca; which is more pronounced in Figure C.2 (Online 
Appendix). This suggests that significant scope exists for Ta
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adjusting parameters even between different image patches 
captured from the same source image. With appropriate 
cost, identifying an optimal parameter combinations would 
further improve the anomaly detection results of the pro
posed TBSD method on textured images.

7. Conclusion

In the proposed TBSD method, efficient anomaly detection 
is conducted on textured images with smooth background 
and sparse anomalies. Problem of misidentifying textures as 
anomalies is prevented both theoretically and practically when 
compared with benchmarks. With quasi-periodicity intro
duced into textures, the method first learns a set of texture basis 
functions using a small number of defect-free images. Then the 
subsequent anomaly detection process utilizes the learned tex
ture basis for texture reconstruction, which leads to improved 
detection performance on defect images. The method’s accur
acy and superiority are sufficiently evaluated through experi
mental verification using both pre-constructed simulation 
dataset and real-world industrial dataset, which highlights its 
feasibility, effectiveness, and efficiency.

As far as we are concerned, an appropriate parameter choice 
can evidently improve the method’s performance, though it does 
possess robustness to various parameters. Optimal parameters 

may vary across different image patches depending on the cir
cumstances. Further research is still needed to properly deal with 
the sensitivity of the TBSD method to relevant parameters.
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